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Evolution of Measure

vt

µ0
µ1

Xt

Given vt , have flow equation:

$&
%

9Xt � vtpXtq

X0 � id

Eulerian:



Continuity Equation I

Bρ
Bt �∇ � pρvq � 0

V

4 in mass = flux in/out of infinitesimal volume:

dMV

dt
�
³
V
Bρ
Bt

dx � �
³
V
∇ � pρvq dx � �

³
BV
ρ v � n̂ dS

ρ = (probability) density

v = velocity field

Integrated version for macroscopic volume:



Continuity Equation II

Mass of particle constant along trajectories (incompressible):

d

dt
rρpXt , tqs �

Bρ

Bt
�∇ρ � v � 0.

Therefore,
∇ρ � v � ∇ � pρvq ùñ ∇ � v � 0

and have weak formulation for measures :

Btµt �∇ � pµtvtq � 0

means» T

0

»
Btϕ� xvt ,∇ϕy dµt dt � 0 @ϕ P C8

c pRd � p0,T qq



Weak Formulation

Define

µt � Xt#µ0

(Here T#µ � ν if for

any measurable A

νpAq � µpT�1pAqq

or for any test function ϕ P L1pdνq³
ϕpyq dνpyq �

³
ϕpTpxqq dµpxq )

Then (formally) Btµt �∇ � pvtµtq � 0:

ϕ P C8
c pRd � p0,T qq; Ψpx , tq � ϕpXtpxq, tq

» T

0

»
Rd

Btϕpxq � xvtpxq,∇ϕpxqy dµtpxq dt

�

» T

0

»
Rd

BtϕpXtpxq, tq � xvtpXtpxq,∇ϕpXtpxqqy dµ0pxq dt

�

» T

0

»
Rd

dΨ

dt
px , tq dµ0pxq dt

�

»
Rd

ϕpXT pxq,T q � ϕpx , 0q dµ0pxq

� 0



Hamiltonian Dynamics I

Let R2d Q x � pp, qq � pmomentum, positionq

Hpp, qq �
1

2
|p|2 � Ψpqq � kinetic � potential

Then
9x �

�
9p

9q

�
�

�
0 �Id

Id 0

��
Hp

Hq

�
� J∇H

Start with measure, infinite dimensional Hamiltonian system?

H pµq �
1

2

»
|p|2 dµ�

»
Φpqq dµ�

1

2

»
pW � µqpqq dµ

9Xt � Jr∇H pµqspp, qq � p�∇pW � µ� Φqpqq, pq

� interaction means velocity field has non–trivial dependence on µt �



Finite Range Interactions



Hamiltonian Dynamics II

� Infinitesimal conservation of mass certainly holds

� ∇H K J∇H ùñ ∇ � pJ∇H q � 0

Should describe by continuity equation:

Btµt �∇ � pJ∇H pµtqµtq � 0.

� Energy not pointwise conserved:

dH pµtq

dt
pp, qq �

�
x∇H , J∇H y �

BH

Bt

�
pp, qq �

1

2
BtpW �µtq.

� Formally, using continuity equation and supposing |∇W | ¤ B

|BtpW � µtq| � |
d

dt

»
W px � yq dµtpyq| ¤ B

»
|J∇H pµtq| dµt

is locally bounded �

Total energy (integrated over µt) should still be conserved.



Hamiltonian ODE on Wasserstein Space
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Definition (Hamiltonian ODE). H : P2pR2d q Ñ p�8,8s (proper, lowersemicontinuous).

A.C. curve tµtur0,T s is a Hamiltonian ODE w.r.t. H if

Dvt P L2pdµtq, }vt}L2pdµtq
P L1p0,T q

such that
$&
%Btµt �∇ � pJvtµtq � 0, t P p0,T q

vt P Tµt P2pR2d q X BH pµtq for a.e., t

Theorem. (Ambrosio, Gangbo) Suppose H : P2pR2d q Ñ R satisfies

♣|∇H pxq| ¤ Cp1 � |x |q

� If µn � ρnL 2d , µ � ρL 2d and µn á µ then ∇H pµnk qµnk á ∇H pµqµ

Then given µ0 � ρ0L 2d :

�The Hamiltonian ODE admits a solution for t P r0,T s

� t ÞÑ µt is LpT , µ0q–Lipschitz (with respect to the Wasserstein distance)

� If H is λ–convex, then H pµtq � H pµq.



Wasserstein Distance

Φ#ρ0 � ρÐ Φ : Π
ρ0

ρ

Φ

M
(density)

M�

(flow map)

s � �∇ � pρ∇pq; gρps1, s2q �
³
ρ∇ρ1 � ρ2

(non-flat)

g�Φ pv1, v2q �
³
pv1 � v2qρ0

(flat)

(Induced distance:

dpx0, x1q
2 � inft

³1
0 gxptqp

dx
dt
, dx

dt
q dt : t ÞÑ xptq P M1, xp0q � x0, xp1q � x1u )

x0 x1

Upshot:

dpρ0, ρq
2 � infΦ:ρ�Φ#ρ0

³
ρ0|id � Φ|2

F. Otto.
The geometry of dissipative evolution eqns:
the porous medium equation.
Comm. PDE, 26 (2001), 101-174.



A.C. Curves and the Continuity Equation

Definition. Let

P2pRd ,W2q

denote the space of probability measures with bounded second moment equipped with the Wasserstein distance

W 2
2 pµ, νq � min

#»
Rd�Rd

|x � y |2 dγpx, yq : γ P Γpµ, νq

+

and

Γpµ, νq � tγ : γpA � Rd
q � µpAq and γpRd

� Bq � νpBq, for all measurable A and Bu

Theorem. There is a correspondence:

tA.C. curves in P2pRd ,W2qu ðñ tvelocity fields vt P L2pdµtqu

via

Btµt �∇ � pvtµtq � 0 and lim
hÑ0

1

|h|
W2pµt�h, µtqp¤q � }vt}L2pµtq

Thus

W 2
2 pµ0, µ1q � min

"» 1

0
}vt}

2
L2pdµtq

: Btµt �∇ � pvtµtq � 0

*
and

TµP2pRd ,W2q � t∇ϕ : ϕ P C8c pRd qu
L2pdµq



Mass Reaching Infinity in Finite Time

Condition (♣).

We are solving

Btµt �∇ � pJ∇H µtq � 0; vt :� J∇H pµtq

Recall characteristics

9Xt � vtpXtq; X0 � id

|vtpxq| ¤ Cp1 � |x |q ùñ |Xt | À eCtp1 � |X0|q:

preserves compact support, second moment...

What about other

Hamiltonians? E.g.,

q

Φpqq

Explicit Computation. |vtpXtq| � Cp1 � |Xt |qR ,R ¡ 1

�
|Xt |

|X0|

�R�1

�
1

1 � tpR � 1q|X0|R�1

x  8 at time τpxq �
1

pR � 1q|x |R�1
  8



Continuity Equation in “Finite Volume”

Particles that have ever been in

finite region during r0, ts:

blue = good

pink = negligible

red = bad

yellow = gone.

Expect. Under reasonable dynamical conditions, still have

Btµt �∇ � pJ∇H pµtqµtq � 0 distributionally.



Example: Quadratic Velocity in 1D

Consider the velocity field and associated trajectories

vtpxq � x2, xt �
x0

1 � tx0

and densities

ρ0 � 1r0,1s, ρt � xt#ρ0.

By change of variables, have

ρtpyq � ρ0px
�1
t pyqqpx�1

t q1pyq

�
1

p1 � ytq2
.

We have then

Btρt �
�2y

p1 � ytq3
and pρtvtq

1 �
2y

p1 � ytq3

and so

Btρt � pρtvtq
1 � 0.



Regularization: Fade With Arc Length

9Xt � vtpXtq Mt � M0e
�
³t

0 CspXsq|vspXsq| ds

For simplicity, Cs � ε; later, send εÑ 0.



Inhomogeneous Continuity Equation

p♠q Btµ
ε
t �∇ � pvtµ

ε
t q � �ε|vt |µ

ε
t

Given µ0, vt , define

pµε
t q
� � X ε

t #µ0

Rε
t pX

ε
t q � expp�ε

» t

0

|vtpX
ε
s q| dsq

then

µε
t � Rε

t pµ
ε
t q
�

satisfies p♠q.

µ0

µ�t

µt

Proposition. (♠) preserves α–exponential moments for α ¤ ε, since

distance traveled ¤ arclength

�

� directly gives global (in space) regularization �



Existence of ε–Dynamics

Lemma. Let µ0 PM8,ε. Suppose we have prescribed (time–dependent) velocity

fields vεt satisfying

|vεt pxq| ¤ Cp1 � |x |qR

for some constants C ,R ¡ 0. Then for 0   T   8

� D distributional solution pµεt qtPr0,T s to

Btµ
ε
t �∇ � pvεt µ

ε
t q � �ε|vεt |µ

ε
t

@ϕ P C8c pR2d � r0,T sqq,
³T

0

³
R2d pBtϕ� xvt ,∇xϕyq dµt dt � �ε

³T
0

³
R2d |v

ε
t |ϕ dµt dt

realized as a linear functional such that»
R2d

ϕ dµεt �

»
Sεt
pRεt ϕq � X

ε
t dµ0, @ϕ P Cc pR2d q.

� pµεt qtPr0,T s is narrowly continuous.

� Preservation of moments.

�



Topologies of Convergence

pC8
c �qCc

cpctly supported

Ó

distributional

�

C0

vanishing at 8

Ó

weak�

�

Cb

bounded

Ó

narrow

� finite measures ùñ Banach–Alaoglu gives some limit point in weak� topology

� distributional convergence + moment control ùñ narrow convergence

We have Radon measures so if µn á µ and A is a Borel set

µpA0q ¤ lim inf
n

µnpAq ¤ lim sup
n

µnpAq ¤ µpAq



Technical Remarks

Continuity. Let ϕ P C8
c pR2dq and suppose t Ñ t�.

Then, with Yτ � Xt� � X
�1
τ ,

|

»
ϕ dµεt �

»
ϕ dµεt� | � |

» �
ϕ� ϕpYt� q expp�ε

» t�

t
| 9Yτ | dτq

�
dµεt |

Àϕ,vεt |t � t�| � ε

Limiting Measures. Suppose Btµ
ε
t �∇ � pvε

t µ
ε
t q � �ε|vε

t |µ
ε
t for

t P r0,T s and vε
t uniformly locally bounded on r0,T s.

For tk P QX r0,T s, have by Banach–Alaoglu

µεtk á µtk

Continuity gives extension to all t. Limiting dynamics later...



Deficient Hamiltonian ODE I

Theorem. Let µ0 PM8,ε and 0   T   8. Let

H pµq �
1

2

»
|p|2 dµ�

»
Φpqq dµ�

1

2

»
pW � µqpqq dµ

such that |Φpqq| À |q|R , some R ¡ 0. Then there exists a narrowly

continuous path t ÞÑ µεt PM8,ε such that

Btµ
ε
t �∇ � pJ∇H pµεt qµ

ε
t q � �ε|J∇H pµεt q|µ

ε
t .

“Proof”. Time discretization: h � 1{n, vk � J∇H pµtk qµtk

µε,n0  v ε,n0  µε,n1  v ε,n1  ...



Deficient Hamiltonian ODE II

Get

Btµ
ε,n
t �∇ � pJ∇H pµε,ntn qµ

ε,n
t |q � �ε|J∇H pµε,ntn q|µ

ε,n
t .

Want to take all n Ñ8:

� Limiting measure for each t by Banach–Alaoglu

� Only dependence of velocity field on measure is the term ∇W � µ

q

p  Have tightness by Markov’s inequality:

»
Bc
r �Rd

|∇W pq̄ � qq| dµε,nt pp, qq ÀW e�εrMεpµ0q

ùñ ∇W � µε,nt Ñ ∇W � µεt unif. on cpct sets

 By deficient continuity equation

|∇W � µε,ntn
�∇W � µε,nt | À h

�



Uniform in ε Control on Velocity Field

To take εÑ 0 the previous logic can be applied if we can control the velocity field.

Idea: Use the potential Φ

to rid us of red particles.

Enforce that there exists

rings of no return tending

to infinity...



Example: Spherically Symmetric Potential

Consider

Hpp, qq �
1

2
|p|2 � Υp|q|q.

Define �–ring by

Υpqq   ΥpL�q, for all |q| ¡ |L�|.

�–rings are rings of no return, since

H̃ �
1

2

����d |q|dt

����2 � Υpqq

is increasing for t ¥ t�:

dH̃

dt
�

d |q|

dt

�
d2|q|

dt2
�

d2q

dt2
� q̂



¥ 0

and at t� radial velocity is positive.



More General Potentials

If

Hpp, qq �
1

2
|p|2 � Φpqq � Ψpt, qq,

with

|∇Ψpt, qq| ¤ B, for all t, q,

consider bounding potential uprq, such that

u1prq ¥ B � max
|q|�r

x∇Φ, q̂y.

Then �–rings of u are rings of no return for original dynamics.

Postulate that u has infinitely many �–rings of no return:



Rings of No Return

� c.f., renewal points

for random walks... �



Estimates on Velocity Field I

S � blue, G � yellow, O � pink

Choose

Q � a   L�p! rq,

then G does not contribute to

p∇W � µε,nt qpqq for q P BQ :

BBL�

BBQ

z

BBapzq

 Tightness:»
Bc
r �Rd

|∇W pp, q � qq| dµε,nt ÀW µ0ppS YOq X tpt ¥ ruq

¤ µ0pRd � Bc
L�
q � µ0pS X tpt ¥ ruq.



Estimates on Velocity Field II

On S, |qs | ¤ L, for all 0 ¤ s ¤ t so

r ¤ |pt | ¤

» ����dpsds

���� ds � |p0| ¤

»
|p∇Φ �∇W � µε,nt qpqsq| ds ¤ ML� t � |p0|,

so

S X tpt ¥ ru � Bc
r�ML� t

� BL� .

�Q

Q

L�

�pr �ML�tq rr �ML�t�r

�L�

 Time evolution: Formally,

BtF
ε,n
t pp, qq �

»
R2d

pp �∇2W pq � qq � ε|vε,nt pp, qq|∇W pq � qqq dµε,nt pp, qq.

This can be estimated a similar way, now invoking moment bound on µ0...



Hamiltonian ODE I

Theorem. Let µ0 PM8,α, some α ¡ 0 and 0   T   8. Let

H pµq �
1

2

»
|p|2 dµ�

»
Φpqq dµ�

1

2

»
pW � µqpqq dµ

such that |Φpqq| À |q|R , some R ¡ 0. Then there exists

distributional limit pµtqtPr0,T s of pµε,nt qtPr0,T s along some

subsequence pεk , nkq such that

� t ÞÑ µt PM is distributionally continuous and

� pµtqtPr0,T s satisfies the continuity equation:

Btµt �∇ � pJ∇H pµtqµtq � 0.

�



Representation Formula

� µε,nt defined by pushforward: µε,nt � X ε,nt #µ0, so have representation formula:»
R2d

ϕpyq dµε,nt pyq �

»
Sε,nt

pϕ � Rε,nt q � X ε,nt dµ0pxq, @ϕ P C8c pRDq,

where

Sεt � tx P RD : D! solution to 9X εs � vεs pX
ε
s q,X

ε
0 � x ,@s P r0, tsu.

� µεt , µt obtained abstractly, so need to retrieve representation formula...

Need to show

»
Sε,nt

pϕ � Rε,nt q � X ε,n
t dµ0 Ñ

»
Sεt
pϕ � Rεt q � X

ε
t dµ0

 If x P Sεt , then x P Bεt pLq for L sufficiently large and show pointwise convergence.

 If x R Sεt , argue that pRε,nt � X ε,nt qpxq Ñ 0 as n Ñ8.

Both cases follow from finite volume convergence of trajectories:



Finite Volume Closeness of Trajectories I

Lemma. Let T ¡ 0. Suppose

vn Ñ v uniformly on K � r0,T s

for any compact K � RD and

sup
n

�
sup

tPp0,Tq
sup
xPK

|vn
t pxq| � Lippvn

t ,Kq

�

:� fK   8.

Then given any δ ¡ 0

sup
xPBtpLq

sup
sPr0,ts

|X n
s � Xspxq|   δ

for n sufficiently large, where

BLptq :� tx : Xspxq P BL, @s P r0, tsu

p� supppµ0qq.



Finite Volume Closeness of Trajectories II

 For n sufficiently large so that |vn � v |   σ and Xs P BL,X
n
s P BL�δ,

d

ds
|X n

s � Xs | ¤ |vn
s pX

n
s q � vspXsq|

¤ |vn
s pX

n
s q � vn

s pXsq| � |vn
s pXsq � vspXsq|

¤ }vn
s }Lip � |X

n
s � Xs | � σ

¤ fBL�δ
|X n

s � Xs | � σ.

 By Gronwall and choosing σ sufficiently small (n sufficiently large)

|X n
T � XT | ¤

σ

fBL�δ

� e
fBL�δ

T
  δ.

 Result follows by a bootstrapping argument.

�

Representation formula holds for µεt and can directly take εÑ 0:



Hamiltonian ODE II

Theorem. Let µ0 PM8,α, some α ¡ 0 and 0   T   8. Let

H pµq �
1

2

»
|p|2 dµ�

»
Φpqq dµ�

1

2

»
pW � µqpqq dµ

such that |Φpqq| À |q|R , some R ¡ 0. Then there exists

distributional limit pµtqtPr0,T s of pµεt qtPr0,T s along some

subsequence pεkq such that

� t ÞÑ µt PM is distributionally continuous and

� pµtqtPr0,T s satisfies the continuity equation:

Btµt �∇ � pJ∇H pµtqµtq � 0.

�



Phase Space Regions of No Return

Let L� correspond to �–ring and define

Ω̄L� ptq � BL��pa��ηqt � BL� ,

time

where η ¡ 0, a� � supqPBL�
|∇Φ| � |∇W |, so that d

ds
|ps | ¤ a�,@s P r0, ts.

Then:



Monotonicity of Mass

Let 0 ¤ t1   t2. Given any δ ¡ 0, let L� be such that

µ0pBL� q   δ.

Then can show for all ε ¥ 0,

µεt1 pΩ̄L� pt1qq ¥ µεt2 pΩ̄L� pt2qq � δ.

� Could also directly obtain representation formula for µt by invoking no return

property... �



Mass Convergence?

“mass difference = mass “burned” at 8 by ε regularization”

M0 �Mt � M0 � lim
εÑ0

Mε
t

� Since the function 1 � f R Cc , mass convergence not immediate.

 Without interaction W , trajectories same for all ε ùñ mass convergence: Have

Mε
t Õ M�

t is well defined. Let δ ¡ 0.

(i) Choose L such that µtpBc
L q   δ. Then

Mt ¤ µtpB
0
Lq ¤ lim inf µεt pBLq � δ ¤ M�

t � δ.

(ii) For any ε ¡ 0, choose Lε such that µεt pBLε q   δ. Then

Mt ¥ µtpBLε q ¥ µεt pBLε q ¥ Mε
t � δ.

Presence of W ùñ non–trivial dependence of trajectories on measure so a priori:



“Counterexample” to Mass Convergence I

Varying ε:

distance = λ ε�1

mass = 1 at time 0

mass = e�λ at time 1

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Mt : Mε
t :

� Mass does not converge at point of discontinuity... �



“Counterexample” to Mass Convergence II

Varying ε:

mass = 1 at time 0

mass = e�λ at time t � τ

mass ¡ 0 at time t

- - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - - -

Mt : Mε
t :

Mass not tending to 8 fast enough:



Stronger Dynamical Condition

 `pLq   L ring of no

return, `, LÑ8;

�

ELptq � tq0 :

qt P BBL,

qt1 P B`pLq

for some t1   tu;
�

θLptq � suptτ :

q0 P ELptq,

|qt�τ |   8u;
�

τL � sup
t
θLptq;

 Require:

lim
LÑ8

τL � 0.



Example: Super–quadratic Potential

Consider Υpqq � �|q|1�R , R ¡ 1. Recall

H̃ �
1

2

����d |q|dt

����2 � Υpqq

is increasing provided d|q|
dt

¡ 0. Therefore (for |q| " 1)

d |q|

dt
¡

b
2pH̃0 � Υpqqq � |q|

1�R
2 :� Cp1 � |q|qs , s ¡ 1.

Suppose at time t, |qt | � L�, d|qt |
dt

¡ 0. Direct integration of differential inequality:

p1 � |qt�τ |q
s�1 ¥

p1 � |qt |qs�1

1 � Cτps � 1qp1 � |qt |qs�1
.

We conclude the particle reaches infinity by time t � τL� , where

τL� �
1

Ls�1
�

Ñ 0 as L� Ñ8



Mass Convergence Almost Everywhere

Theorem. Suppose the stronger dynamical condition holds and suppose µεt á µt . Let

M�
t � lim

t1Õt
Mt1 , M�

t � lim
t1×t

Mt1

M
t � lim Mε

t , M0
t � lim Mε

t .

Then

M�
t ¤ M0

t ¤ M
t ¤ M�

t .

In particular, the mass converges at all points of continuity of Mt .

“Proof.” Already have M�
t ¤ M0

t . To show M
t ¤ M�

t :

� Let δ ¡ 0 and ` � `pLq be such that µ0pΩ̄`p0qc q   δ.

� For any ε ¡ 0 let 0   Lε   8 be such that µεt pΩ̄Lε ptq
c q   δ.

Mε
t ¤ µεt pΩ̄Lε ptqq � δ ¤ µεt�τL pΩ̄Lpt � τLqq � 2δ:



“One Ring to Rule Them All”

εÑ 0

LÑ8

�



Questions and Extensions.

� Meaningful physical systems of relevance?

� Different inhomogeneous equation?

� Uniqueness of limiting measures? (under investigation)

� Stronger topology?



Thank you


